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ON THE CAUCHY PROBLEM FOR THE DERIVATIVE NONLINEAR 
SCHRODINGER EQUATION WITH PERIODIC BOUNDARY CONDITION 


SEBASTIAN HERR 


Abstract. It is shown that the Cauchy problem associated to the derivative nonlinear 
Schrodinger equation dtu — id^u = \dx{\u\'^u) is locally well-posed for initial data 
rt(0) S if s > ^ and A is real. The proof is based on an adaption of the gauge 

transformation to periodic functions and sharp multi-linear estimates for the gauge equiv¬ 
alent equation in Fourier restriction norm spaces. By the use of a conservation law, the 
problem is shown to be globally well-posed for s > 1 and data which is small in . 


1. Introduction AND MAIN RESULT 

We study the Cauchy problem associated to the derivative nonlinear Schrodinger (DNLS) 
equation with the periodic boundary condition 

dtU — id^u = Xda:i\u\‘^u) in(—r, T)xT 
w(0) = uoG H%T) 

where T = and A £ K.. Our aim is to prove local and global well-posedness in low 

regularity Sobolev spaces. 

In the case of the real line, local well-posedness in i?® (K.) for s > ^ was obtained by 
Takaoka ca and this was shown to be sharp in the sense of the uniform continuity of 
the flow map by Biagoni and Linares 01 (the critical regularity for the scaling argument 
is L^). The local result was extended to global well-posedness for s > ^ by Colliander, 
Keel, Staffllani, Takaoka and Tao (6| for data which satisfies a smallness condition. 
Recently, Griinrock im obtained a local result in a Lp setting. The DNLS equation found 
application as a model in plasma physics and it satisfies infinitely many conservation laws 
03 For a more detailed history and further references we refer the reader to these works. 

The local result of Takaoka was proved by using the gauge transform developed by 
Hayashi and Ozawa 1131 \V2\ 1141 to derive a gauge equivalent equation. This equation 
still contains a tri-linear term with derivative of the form u^dxU, but Takaoka 1181 showed 
that this can be treated by the Fourier restriction norm method developed in 1^, as long 
as s > i. The proof of the main tri-linear estimate uses local smoothing and Strichartz 
estimates. 

Here, we study the DNLS equation in the periodic setting. It is known that there exist 
global (weak) solutions in Sobolev spaces corresponding to subject to Dirichlet and 
generalized periodic boundary conditions due to the results from Chen (4| and Meskauskas 
M, for initial data fulfilling a smallness condition. 

We remark that the dispersive properties of solutions are weaker than in the non-periodic 
case. Of course, there are no local smoothing estimates available which could be used to 
control derivatives in nonlinear terms. Moreover, above L* the Strichartz estimates are 
only known to hold with a loss of e > 0 derivatives. Therefore, the main question arising 
in the periodic case is whether a tri-linear estimate for u^dxU holds true. 
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In the present work we will answer this question affirmatively. Our main ingredients are 
a point-wise estimate for the multiplier, suitable versions of Bourgain spaces Eiiiiiiiziiini 
and the L'^ Strichartz estimate 13. Combining this with a gauge transform 11311121 fT^ 
adapted to the periodic setting, it follows that the Cauchy problem m is locally well-posed 
in 77'*(T) for s > ^ in the following sense: 

Theorem 1.1. Let s > ^ and A C K.. For all r > 0 there exists T = T(r) >0 and a 
metric space Xj, such that for all uq G Br = juo S iJ®(T) | ||ito|l i< r} there 

' (T) 

exists a unique solution 

uGXj ^C{[-T,TIW{T)) 

of the Cauchy problem 

dtu — id^u = Xdx{\ufu) in{—T,T)xT 
u{ 0 ) = uo 

which is a limit of smooth solutions in Xj. 

Moreover, the flow map 

F-.W{T)z^Br^C{[-T,T],H\T)) , ^ u 

is continuous. For fixed /i > 0 the restriction of F to {uq G Br \ ^ 11 ^ 011^2 = /r} is 
Lipschitz continuous. 

Due to a conservation law this extends to global well-posedness for s > 1 for data 
which is small in Lf. 

Corollary 1.1. Let s > 1. There exists ^ > 0 such that under the additional hypothesis 
||^^o||l 2 < 6 , the time of existence T > 0 in Theorem M. l\ can be chosen arbitrary large. 

Throughout this work solution of a Cauchy problem 

dtu - idlu = N{u) in {-T, T)xT 
u{ 0 ) = Uo 

always means solution of the corresponding integral equation 

u{t) = W{t)uo + [ W{t - f)N{u){t') df, t G i-T, T) 

Jo 

at least in a limiting sense, see Sections |3 and ISlfor the precise statements. For smooth 
functions, this notion of solutions coincides with the classical one. We also remark that the 
uniqueness statement in Theorem ll.ll could be sharpened, see Section| 6 l 

In the exposition we focus on the DNLS equation but we remark that the same approach 
is also applicable to slightly more general nonlinearities, cp. Iia,e.g. 

\u\'^dxU + \ 2 u'^dxU + polynomial 

We remark that the general strategy of proof of the tri-linear estimate is also applicable 
in the non-periodic case na. 

To illustrate the principle which allows us to gain the derivative on the complex conju¬ 
gate wave, let us consider three solutions ui,U 2 , U 3 of the linear equation. Their Fourier 
transforms are supported on the parabola {(r, | r -f = 0}. The Fourier transform 

of the interaction of the two linear waves ui,U 2 at fixed frequencies ^2 with dxUs is 
supported on {(r, | r -f = 2 (^ — ^i)(^ — ^ 2 )}- In the case where ^ 1,^2 are small 

and the frequency ^3 is very large, the frequency of the resulting wave is also very large 
^ ^ ^ 3 . Hence its support is far away from the parabola, or more precisely [t -f ~ 
This indicates that the Fourier restriction norm method allows us gain a factor of order 
^3 and everything reduces to terms which can be treated by the L^ Strichartz estimate jj). 
Moreover, we are able to control all other possible nonlinear interactions, as long as s > 
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The outline of the paper is as follows: We conclude this Section with some general 
notation. In Section |2l we introduce the gauge transform to link the DNLS with another 
derivative nonlinear Schrodinger equation. After the introduction of useful function spaces 
and linear estimates in Section 0 we are concerned with multi-linear estimates in Section 
0 which are applied in Section |3 to derive the sharp well-posedness result for the gauge 
equivalent equation via the contraction mapping principle. The proof of well-posedness 
for the DNLS is carried out in Section Finally, the Appendix provides proofs of some 
technical lemmata. 

The author is indebted to Professor Herbert Koch, in particular for helpful discussions 
about the gauge transform. Moreover, the author is grateful to Axel Griinrock and Martin 
Hadac for useful remarks. 


Notation. Let iS(R) be the space of Schwartz functions. We denote by Sper the space of 
functions / : —> C such that for all (t, x) S 

/(f, x + 2tt) = f{t, 27T), fit, ■) e C°“(R), /(•, x) G 5(R) 

We write = dxf or ft = dtf for partial derivatives. 

Throughout this work % G {{—2,2)) denotes a symmetric function with x = 1 in 
[-1,1] andxT(t) = xit/T). 

The Fourier transform with respect to the spatial variable is defined by 

p27T 

Txfii) = (2^)-^ / e-“«/(tr) dx 

and with respect to the time variable by 

^tfir) = (27r)“^ [ dt , t G R 

Jr 

and T = TtTx- 

For 1 < p, g < oo we use the notation 

Wfht^Ll ■= \\t ^ Ik ^ /(f,a;)||L.(R)||^p([_j,_y]) 

andifT = cx) we write Moreover, ||/||lp(t) = ||/||lp([o. 2 , 7 ])- 

We define the Sobolev spaces 7T®(T) as the completion of the space of 27r-periodic C°° 

functions / with respect to the norm 

ll/ll?r.(T) := WfWh 

jez 

where (f) = (1 -I- kP)L 

The unitary group associated to dt — idx is defined via 

d^xW{t)uo{0 = e-^*^"TxUo{0 

The Operator J® = J® is defined by tFxJ^fif) = (O^^xfiO- We also use J/ which is 
J® applied with respect to the t variable. 

For u G C'([—r, T], L^(T)) we define p(u) = ^||'«(0)|||2- 

For /i G R we define translations Tp_u{t, x) := u{t, x -f 2/if) for u G C{[—T, T], L^(T)). 


2. The gauge transformation 

The Cauchy problem m is easily reduced to the case A = 1 by the transformation 


u{t, x) 


1 


u{t, sign(A)a:) 


From now on we only consider the case A = 1 without further comments. 
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Let u £ C'([—T, T], L^(T)). We define the periodic primitive of \u^ — ■^||w(i)||^2 


with zero mean by 


1 1 

I{u){t,x) := — j \u{t,y)\^ -—\\u{t)\\l 2 (^Tr)dyd 9 


and V = e x). Now suppose that u is a smooth solution to Q and let us derive 

an equation for v 

Vt = exp{—i 2 {u)){—il{u)tu + Ut) 

Vxx = exp{-il{u)){-l{u)lu - iI{u)xUx - i{I{u)xu)x + Uxx) 

By the conservation law we have ||u(f) ||i2(ir) = ||u(0)||i2(ir), see Appendix|Bl With 


A* := 9iu) = ^l|M(0)||i2(T) 


we have 


y{u) = fj.{v) = ^||u(0)||i2(T) = 


and Z(M)a;(f, a;) = \u{t,x)\‘^ — y. Therefore, 

— e ( ) '^Uxx ^{u'jx^x 

= {fj.Ux + z(|up - - (|Mp - y)ux - il{u)tu) 

Moreover, 

J \u{t,y)\‘^ - ydy = J utu{t,y)+uut{t,y)dy 

= / {iuxxu-iuxxu + u{\u\‘^u)x + u{\u\'^u)x) {t,y)dy 

Je 

Integration by parts yields 

/ iuxxu{t, y) - iuxxu{t, y) dy = 2 lm{ux;u){t, x) - 2 lm{ux;u){t, 9 ) 


( 2 ) 


and 


u{\ufu)x{t,y) +u{\ufu)x{t,y)dy = ^\u\‘^{t,x) - ^\uf{t, 9 ) 


which shows 


I{u)t = 2 lm{uxu){t,x) + -|u|"^(f,a;) 

-— / 21 m{uxu){t, 9 ) +-\u\‘^{t, 9 )d 9 

2TT Jr, Z 


Let us dehne 


^iu){t) := 


— 2 lm{uxu){t, 9 ) +-\u\‘^(t, 9 )d 9 

Ztt Jn Z 


Plugging this into (|3 we arrive at 

Vt — ivxx = {‘2yUx — 2iiJ,\u\^u + iy?u — u^Ux — + i4>{u)u) 

Using |it| = |u| as well as Ux = + z(|up — /i)u we get 

Vt — iVxx =‘2-yVx + 2i/r(|up — y,)v — 2iy,\v\'^v + iy?v — v^Vx 
+ i|u|^{|u|^ — y)v - f + i4>{u)v 
=2iiVx - v'^Vx + ^\v\'^v - iy\v\^v + i{4>iv) - y?)v 
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With 


^277 


V'(w)(i) = ^ / - -\v\ (i,6»)d6» +—||w( 0 )||i 2 (T) 


we have 


and therefore obtain 


= (j){u) - /i^ 


Vt - iVxx - ‘2^iVx = -v^Vx + ^\v\^v - i^i{v)\v\^v + i'ijj{v)v 

Now, we use the transformation w{t, x) ;= T_^u(f, x) := v{t,x — 2/if) to cancel the linear 
term 2^Vx and arrive at 

Wt — iwxx = —w^Wx + ^\w\^w — i^{w)\w'\^w + i'il}{w)w (3) 

because (r_^u)t(f, x) = Ut(f, x — 2/if) — 2iJ.Vx{t, x — 2/if) and commutes with partial 

differentiation in x as well as with ijj and is an isometry in The above calculation 

motivates the following definition. 

Definition 2.1. For / £ L^(T) we define 

gif){x)=e-^^^^'>f{x) 


where 

I{f){x) := - X \f(y)\'-^\\f\\UT)dyds 
For u £ C{[—T, T], L^(T)) we define 

Q{u){t,x) ■— g{u{t)){x - 2fi{u)t) (4) 

Remark 1. The function g{f) is 27r-periodic, since 

l/(y)P ~ ^II/IIl2(t) 

has zero mean value and therefore 

n2TT pX -I 

is 27r-periodic. 

In the next Lemma, we summarize important properties of the nonlinear operator Q. 
Lemma 2.1. For s > 0 the map 

g : C{[-T,T],H%T)) ^ C([-r, T], iJ*(T)) 


is a homeomorphism. Moreover, for r > 0 there exists c > 0, such that for 

u,v e = |u £ C{[-T,T],H%T)) \ sup ||■u(f)< r, p{u) = p 
'■ |t|<r 

the map g satisfies 


||0(u)(f) - 0(u)(f)|l//«(T) < c||u(f) - ■u(f)I|//.(T) ,f£[-T,r] (5) 

for all p > 0. The inverse map is given by 

g~'^{v){t,x) = e*^(^'‘(’’)’'V^(„)u(f,a:) 

and g~^ satisfies the same estimate 0 on subsets Hence, g is locally bi-Lipschitz 
on subsets with prescribed ||u( 0 )||l 2 - 
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Proof. We fix s > 0. There exists c > 0, such that for f,g,hG iT®(T) 


(e 


±zl(/) _ g±zl(g) 


^)h 


< ce^\\f\\H^+c\\gfH. 






\H-)\\f - gWH-imH- (6) 


This is proved in Appendix |A| To show the Lipschitz estimate (H let u,v G We 

observe that for fixed t a translation in x is an isometric isomorphism on H®(T). Using (|^ 




< 


)u{t) 




<(2cre^‘^'’ + cre'^’’ + 1 ) ||(m —'(;)(f)||^ 




H’ 


which shows the Lipschitz continuity on Br,^. 

If u = G{u), then ||t'(0)||L2 = ||ti(0)||L2 and therefore g{u) = n{v). Moreover, 
|u(f, a; + 2fit)\ = |M(f, a;)| for a.e. x. Now, the inversion formula is obvious and for 
Q~^ the Lipschitz estimate on subsets follows as above by replacing — by + in the 
exponential. 

Now, the continuity of 

g, g-^ : C([-T, T], iJ*(T)) ^ C([-T, T], H*(T)) 

on the whole space follows from the Lipschitz continuity of f?, g~^ on subsets and 
the continuity of the translations 


Tfj, C{[-T, T], 7T®(T)), r^u(f, x) = u{t, x + 2gf) 

together with the continuity of ^ : C([—T, T], 7T®(T)) ^ M, gi{u) = ^||w(0)|||2- Q 


By repeating computation from the beginning of this section in reverse order, we prove 

Lemma 2.2. Letu,v G Ci[-T,T],H^(T)) nC^{[-T,T],H^{T)) andv = g{u). Then, 
u is a solution of 

dtu — id^u = dx{\u\^u) in{—T,T)xT 
u{0) = uo 

if and only ifv is a solution of 

dtv — id^v = —v^dxV + ^\v\^v — ig,{v)\v^v + itp{v)v in {—T, T) xT 

z;( 0 ) = g{uo) 


where 


1 1 

= — J 2lm{vxv)(t,0) --\v\^(t,e)d9 + 

Finally, we show an estimate for f). 

Lemma 2.3. Let ip be defined by 0. Then, 

\'tp{u){t) - <c(l + ||u(f)||^i + 

+2{\\umh + \Ho)\\h)\\u{o)-vmL^ 

Proof We suppress the t dependence and just write u = u{t), v = v{t). 


(Im(Ma;rt) — Im(ua;u))(x) dx 


< |(m - V,Ux)^2 \ + \ {v,Ux - Vx)i^2\ 


(7) 


(8) 
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Since Ji is formally self-adjoint with respect to (*, ‘)]^2 we get 
\{u-v,u^)^ 2 \ + \{v,Ux -Vx)lA 
= {j3{u-v),Jx^dx'u^ + {jSv,Jx^dx{u-v)^ 


L 2 


<c(||u||^l + \\v\\^l)\\u-v\\^l 


Moreover, 

^27r 

{\uf - \v\*){x)dx 


p27T 

< ||m| - \v\\{\u\^ + \u\^\v\ + |m||i;P + |?;p)(a;) dx 

Jq 


<2(h|lie + |k||ie)h-r;|U2 


Finally, 


Il«(0)|li2 - |k(0)||iJ < 2(||40)|li. + Ik(0)||i.)h(0) - z;(0)|U. 


These three estimates together with the Sobolev embedding iJ 3 ^ L® prove ® . □ 

3. Definition of the spaces and linear estimates 

The following spaces are well-known from EnamiTiiioi. 

Definition 3.1. Let s, 6 G R. The Bourgain space Xg^b associated to the Schrodinger 
operator dt — id'^ is defined as the completion of the space Sper with respect to the norm 




{ez 


(9) 


Similarly we define X~i^ by replacing (t -f with (t — 

Moreover, we define Yg^b as the completion of the space iSper with respect to 

12 '' 


in ,6 


^=E(/ i^ + iyiO^\^fir,0\dT) (10) 

jgz VJr / 


and the space Zg := Xg 1 HYg^o with norm 

||w||z, := ||m||a 1 + llwlln.o (11) 

’ 2 

For T > 0 we define the restriction norm space 

■= {^l[-T,T] I U G Zg} 

with norm 

l|w||zj = inf{||M||z, I u = u|[_T,r], u G Zg}, 

Finally, we define the metric space 

T-J := {u G C{[-T,T],H%T)) \ g{u) G Zj} 
with metric dxT{u,v) = \\g{u) -Q{v)\\zt. 

Remark!. 1. For complex conjugation we observe ||u||jv„6 = ||m|Ix“ • 

2. The metric space Xj is complete. 

Now, we start with frequently used embedding theorems. 

Lemma 3.1. 

//2<p<oo,6>i- - : \\u\\lvhs ^cIIuHx,,,, (12) 

2 p * 

if ‘2 <P,q < oo,b>l- , s>^ -- : \\u\\lpli ^cIIuHx,,,, (13) 

2 p 2 q * 

Ifl<p<2,b<^- - : llullx^.t <c\\u\\lphp 

Z p ^ 


(14) 
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We may replace Xg^b by Moreover, 

ll^i||c(R,i/=(T)) ,sG]R 


(15) 

(16) 


Proof. We consider v = W{—t)J^u for u G <Sper- Then, by Minkowski’s and Sobolev’s 
inequality 

= hWh^.Ll < WAlILI < Cpt^WhlL^^ = c || m || x ,,^ 

and the claim J1 2\ follows. Combining this with another application of Sobolev’s inequal¬ 
ity in the space variable ||u(f)||i9 < c\\J^v{t)\\i ,2 gives J1.3t . Estimate (US follows by 
duality from (O- The estimates for X^ follow from the invariance of and 

under complex conjugation. To prove (I15t it suffices to prove an estimate for the sup norm 
for u G 5per by density. We write for f G K 

Txu{t,^)=cf Tu{t, dr 

Jr 

by the Fourier inversion formula. This yields 


t(f)||ff'= = c 


e*‘"(0'^^w(T,C)dT 




Now we take the supremum with respect to t. The last estimate follows from the Cauchy- 
Schwarz inequality in r: 

2 


ll«lly. 


eez J 

<E / {r + dr [ (r + e")''=(C)'*l-^/(r,C)Pdr 

Since by assumption 2bi — 2&2 < — 1, there exists c > 0, such that for all ^ 

[ {t + dr < c 

Jr 

which finishes the proof. 

Lemma 3.2. For —b',b> | there exists c > 0, such that 

l|u||i 4 < c||u||xo,. 


□ 


(17) 


IkllXo,,, < c||M|li4/3 (18) 

In these estimates we may also replace X^^b by X^f^. 

Proof. The estimate o is essentially Bourgain’s L"* Strichartz estimate (2), but in a ver¬ 
sion which is global in time. This can be found in cni, Lemma 2.1 . Using duality this also 
shows (d. That the estimates hold both for Xs,b and X^ ^ results from the invariance of 
Lj spaces under complex conjugation. □ 

We summarize the behavior of the Xs,b, l^s,o norms under multiplication with cutoffs in 
time. This will be frequently used in the sequel without further remarks. 

Lemma 3.3. Let s G M and 0 < T < 1. There exists c > 0, such that 

\\xtu\\y„,o < c||w||y,,o 

Moreover, for 0 < &i < 62 < ^ or — ^ < 6 i < 62 < 0 there exists c > 0, such that 
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and for any 5 > 0 there exists c > 0, such that 

\\xtu\\x^ 1 < cT~^\\u\\x 1 

Proof. The first estimate follows from Young’s inequality in r: For fixed ^ we have 

\\^{xtu){t,0\\lI = c || [ Ttxrir - Ti)Tu{Ti,^)dTi\\Li 

Jr 

<c\\^tXT\\Ll\\^u{T, 

Because ll^tXTlIii = Il-Axllii the estimate follows by taking the L| norms on both 
sides. The second estimate is proved in cni, Lemma 1.2 and for the third estimate we 
refer to the proof of 0 , Lemma 2.5 and the subsequent remark, which remain true in the 
periodic setting. □ 

The next Lemma contains the classical (cp. 121130121) estimates for the linear homo¬ 
geneous and inhomogeneous problem. 


Lemma 3.4. Let s G R. There exists c > 0, such that for all uq G 

||xTL(f)Mo|lz, < clluollff-* 

and for all f G Sper with supp(/) C {(f, x) \ |f| < 2} 


Jo 


< c||/||y,^_i+ c||/||x^ 1 


(19) 


( 20 ) 


Proof It suffices to consider smooth uq. Let us write 
J^(xIL(-)uo)(r,C) = d^tx{T + 

Then, because TtX is a Schwartz function the estimate J19> follows. Now we turn to the 
estimate (|20l for the linear inhomogeneous equation and we follow the argumentation from 
ifTl . Lemma 3.1. We have 

x(f) fwit-t')f{f)dt' = iit) + j{t) 

Jo 

with 

m =\x{t)w{t) [ ^{t')w{-t')f{t')dt' 

^ Jr 

J{t) / p{t-t')W{t-t')f{t')dt' 

^ Jr 

and (p{d) = sign(t^). Moreover, 

\J^tp{T)\ < (21) 

Now, by estimate ( I19> 

<c f ip{f)W{-t')f{t')df 




H^iT) 


and by Parseval’s equality 


J^j[ ^{t')W{-t')f{t')dA (0= f TMT + e):Ff{r,Odr 
\Jr / JR 


which implies 


/ ^{t')W{-t’)f{t')dt’ 

JR 




by (121> . To show the estimate for J we hrst apply Lemma lL^ with T = 1 


\Zs L 


< c 


(p{t — t')W{t — t')f{t') dt' 
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and observe 
T 


t')f{t') dt'^ (r,= TMt + C^)J^/(r ,0 


The claim then follows from (ED- 

4. Multi-linear estimates 

We start with an elementary bound for the multi-linear multiplier in the spirit of (7)| . 
Lemma 4.1. Let Tj G R and £ Z, j = 1, 2, 3 and define 

"^ 2 ) Ts, ^ 1 , ^ 2 ) ^3) ~ 1 , o, 1 , ”9, 1 , 9, 1 -r-rS , 1 

(t + 2 (n + ^ 2 ^ 2 (r 2 + ^ 1 ) 2 (ra - ^f) = 0 ,=! (G) = 

w/zere (r, = (ri,^i) -f (t 2 ,^ 2 ) + (t3,6)- Moreover let 

Afo(Tl,T2,r3,^l,^2,C3) =- 


□ 


XAo 


^i(Tl,T2,r3,^l,^2,C3) = 
G { 1 , 2 } and k ^ j, fli well 
M3{Ti,T2,T3,fi,^2,^3) = 

lV(ri,r2,r3,,fi,^2,C3) = 


(Cl)^(C 2 ) 

Mn + Cl)" {t2 + Cl)" {tz - Cl) = 


XA, 

(Cl)^(C 2 ) 

i(r-f C^)^(Tfe -f C|)^(t 3 -Cl)^ 


XA 3 

(Ci) = (C2 

)h (t + {ti + fl)h {t2 + 


1 


where xAq is the characteristic function of the subregion gIq C x Z^ where 
(r + a>(ri+??),(T2+?2"),(T3-4") 
and the subregions Aj for j = 1, 2, 3 are defined analogously. Then, the estimate 

3 

\M\<16C£m,+N) 

3=0 

holds true. 


( 22 ) 


Proof. The key for the proof will be the observation that 

''■ + ~ ('''1 + Cl + 'f 2 + cl + "^3 — cl) = 2(^ — Ci)(C ~ C 2 ) (23) 

which implies 

((C - Ci)(C - C2))^ < (r + c^)^ + (ri + + (r2 + Cl)^ + (ra - CD" 

< 4(^XAo(T-bC^)^ +XAi(n +Cl)^ +XA 2 (t 2 +cl)^ +XA3 (t3 -CD^) (24) 

We distinguish 4 different cases. 

1. Id > 2|d| and |d > 2|^2|: In this case |^ 3 | < 2|d and 4((f - d)(C - C 2 )) > (C)^ 
and we conclude |M| < 16 

2. Id < 2|d| and |d < 2|,^2|: In this case we have |^ 3 | < 4max{|d|, IC 2 I} and 
Id £ 2min{|d|, IC 2 I}, which shows |M| < 41V. 

3. Id > 2|d| and |d < 2|^2|: We have 

Id <2|C-Ci|and|d|C-C2| <2 ((C-Ci)(C-C2)) 

Due to the fact that 

ICsl^ < 1C - C2l^ + ICil^ 

we have 

(O^ICal^ <2|C|5|C3|^ <2|d^lC-C2|^+2|C|^ICil^ 
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The first term is bounded by 4((^ — ^i)(^ — ■^ 2 ))^ and we apply J24> . The second 
term is bounded by 4 (^ 2 )^ which proves \M\ < 16 
4- Id < 2|d| and |d > 2|^2h By the symmetry of M in ^>^2 we find the same 
estimate as in case|3 

□ 


In the sequel we will use the abbreviations 

/c /c 

/ z! n ■= / z n 

•’* * i=l r=rd-+rk +■ ■ ■+?I= i=l 

k —1 k —1 k —1 

■= j Z Wf3iTj,£,j)fk{T -'^Tj,i-'^£,j)dTl...dTU-l 

gfc_i i=i i=i i=i 

which is nothing else but the convolution fi * ... * fk{T,^). 

Theorem 4.1. There exists c, e > 0, such that for T £ (0,1] and Uj £ iSper with 
supp(uj) C {{t, x) I |f| <T},j = l, 2, 3, we have 

\\uiU2d^U3\\x-, 1 < cTd|wi||jfi 1 ||m2||xi 1 ||m3|Ix7 , (25) 

Proof. We define 

fj {Tj , d) = (tj+) 5 (d (tj , d) 

for j = 1,2 and 

/3(T'3,d) = {t3 - ^ 3 )^ {^ 3 )^^U 3 {t 3 , ^ 3 ) 

With the Fourier multiplier M defined in Lemma l4d1 we rewrite the left hand side as 

3 

Z , t2, t 3, d, 6, d) n /j '(^1 > ) 


\\uiU2dj;U3\\x^ = 


1=1 




By an application of the triangle inequality we may assume fj,iFuj > 0 and ||Mj Hx^ ^ = 
11 XTUj 11X, 6 ■ By the point-wise bound J22> on | M | the left hand side is bounded by the sum 
over the corresponding terms with M replaced by Mg, Mi , M 2 , M 3 and N, respectively. 
Estimate for Mg: 


Z^o(Ti,'r2,r3,d)C2,d) If /i('fl>d) 

* 1=1 


= ||MiM2-^^'U3||L2i2 =: mo 




Using Holder, we get 


mo < ||ui||L?Lsl|w 2 ||L?L 8 ||j 2 U 3 |d 4 i 4 < c||ui||x 3 3 11^2 


3 3 II “2 11X3 3 II 113 11 x 7 , 
5'F 5>F 1,1 


where we used Sobolev’s inequality w.r.t. space and time variables on ui,U 2 as well as the 
Strichartz inequality on J 2 U 3 . By the localization in time, see Lemma lT3l 


mo < cT^||mi||xi 1 ||m2||xi 1 1|m3|Ix7 

i 


Estimate for Mi: 


Z^i(fi,T2,r3,d,d,d) n /l(U’d) 

* 1=1 


llLl 


= 11 J fiU2J'^U3\\x 1 < ||j fiU2J^U3\\x 3 =: mi (26) 
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Then, by Sobolev in time 

mi <c\\J~ifiU2J^U3\\ 

<c\\J~^ fl\\l^2r8\\U2jK3\\i^a/3^B/3 

t X ±JX 

<c\\j '^T Vllli^iS ||M2||LfL|||^^M3||LfLj 

Now we use the Sobolev inequality on the first two factors as well as the L'* Strichartz 
inequality on J 2 U 3 and obtain 

mi < cT^\\ui\\x, 1 ||m 2 ||xi 1 !|m3|Ix7 , (27) 

2’2 2’2 1,1 

Estimate for M 2 : 


M 2 {ti,T 2 , T 3 , ^ 1 ,^ 2 , 6) n /j ’ ) 
* i=i 




= \\uiJ V2^^M3||x„ 1 < ll^lJ V2J^W3||x„ 3 -■m 2 
^’2 ^’8 

As for mi, by exchanging the roles of the first two factors we obtain 

m 2 < cT^lluilIxi 1 ||m 2 ||xi 1 ||m 3 |Ix 7 , 

2’2 2’2 1,1 

Estimate for M 3 : 

3 

y^M3(Ti,r2,r3,^i,^2,6) b[ 


i=i 
--1 . 




= ||uiU 2,7=' V3||jf„ 1 < ||miM2^ ^fsWx^ 7 =-m3 
We apply dual Strichartz’ J18t . Holder’s and Sobolev’s inequality to conclude 

m 3 <c||UiU2:^“V3|Ii;,4/3^4/3 

<c||ui||i^8i;,8 ||u2||l8l8 II/3||l?L? 


Estimate for N: 


<cT‘'\\ui\\xx 1 ||m 2 ||xi 1 IIM 3 II 


y] N{ti,T2,T3, 6,6, 6) n 6 ("O ’ 
^ * i=i 




= 11 J^Mi7 = ^2 1 < ||,7^miJ 2 U 2 J = U3||x„ 

“'“5 T5 

Strichartz inequalities O and (HI yield 

n <c\\J^UlJ^U 2 J^U 3 \\ ,4/3,4/3 

<c\\jiui\\LiL4jjiu2\\LiL*\\J^U3\\LiL^^ 

<cT'^||mi||xi i||m 2 ||xi 1 IIM 3 I 6 - 
5'^ hi 

and the proof is complete. 

Lemma 4.2. We use the notation from Lemma Wj\ and define 

M{ti,T2,T3,^1,^2,C3) 


=: n 


-^(n,''■2,7-3, 6 ,6, 6 ) '= 


(28) 


(29) 


(30) 


(31) 


(32) 


(33) 

□ 


+ 6)^ 
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Then, 

3 

\M\ < + N) 

j =0 

where for S € (0, g) 


Mo = 


XAo 


(0" +C?) = +^('r2 + ?|)2+'^(T3-^|)2+<5 


and 

M, = {T + e)-^^M, , N :={T + e)-^^N 


( 34 ) 


Proof. By Lemma ini it suffices to consider the region Aq and to show that 

(t + C^)“5Mo < 8 Mo + 4iV 


1 . 1^1 > 2 |^i| and |^| > 2 |^2|: In this case < 2 |^|. In Aq we have 16 (t + > 

(^) 2 , since (r + > (n + ^1), (ra + ^|), (ra - ^|) which implies 

8(r + e^)i > (ri+a'(r2+^2Y(T3-e3Y(0^-"^(e3)^-^' 

2- Id < 2|d| and |d < 2 |^ 2 |: In this case we have |^a| < 4max{|d|j |'f 2 |} and 
Id < 2min{|d|, 1 ^21}. which shows |M| < AN. 

3. Id > 2|d| and |d < 2|^2h Here ^ f 0 and without loss we may assume ^3 0, 

since otherwise M = 0. We have 


Id <2|C-d|and|d|C-dl <2((C-d)(e-6)) 


In the subregion where |d | < ~ C 2 I we have 


161 < I? - 61 + 161 < 2|^ - 6 


and therefore 


(6(6) <2|dl6l <4|die-6l <8((^-6)(?-6)) 

which is bounded by 32(r + 6 )j since we are in region Aq. Then, 

8(r + e6^ > (6^-''(6)^-''(n + 6)'(r2 + 6)'(T3-6)' 

which proves 

(T+e 6 ”^ATo < 8 M 0 

In the subregion where | 6 | > IC “ 61 we have | 6 | < 2|6| and we arrive at 

M < AN. 

4- Id ^ 2|6| and |d > 2|6h Hy symmetry of M in 616 we find the same 
estimate as in case |3 

□ 


Theorem 4.2. There exists c,e > 0, such that for T S (0,1] and uj € Sper with 
supp(uj) C {(f, x) I |f| < r}, J = 1, 2,3, we have 


\\uiU2d^U3\\Y^ < cTdlwillxi 1 ||m2||xi i llwallxr , 

5,-1 


( 35 ) 


Proof. We use the notation from the proof of Theorem l4.ll With the Fourier multiplier M 
defined in Lemma lTTI we rewrite the left hand side as 


\\uiU 2 dxUz\\Y^ 



3 

m{ti,t 2 ,t 3 , 6,6,6) n 6) 







14 


S. HERR 


By the estimate (01 we successively replace M by Mg, Mi, M 2 , M^ and N. 

Estimate for Mq: We observe that by the Cauchy-Schwarz inequality we have for fixed ^ 


(r+ 2 ^ ( / 


Ui;0hi 

for 6' > 0. Now, for hxed , ^ 2 , ^3 and ^ + ^2 + ^3 


(36) 


f ~ ^ 

/ MoiTi,T2,T3,^i,^2,^3)'[[fjiTj,^j) 
d* j=i 


LI 


={0 


— 


nTTTT 




f3{T3,^3) 


=ri+T2+r3 (0) = { Tj + 2+-^ (^3) 2 ^ S { t 3 - ^1)2+'^ 


LI 


<c(0 


— 


n 

i=i 




/3(f3,C3) 



i? 

(C3)5-3-5(r3 

LI 


by Young’s inequality and with 5’ = 5/2. With gj{Tj,^j) = fj{Tj,^j){Tj + 
and 53 (r 3 ,^ 3 ) = /3('r3,6)('r3 - we have 


Main, T2,T3, ^ 1 ,^ 2 , is) Y[gjiTj,Q 

» i=i 


■s /2 


qLi 


<C 


? = 5i+52+?3 J = 1 


LI 


An application of Holder’s and Young’s inequalities, choosing 5 = 1/24, gives the upper 
bound 


5=4i+ 42+?3 i=i 


<cn||<o)-^iiff.(.o)ii,2|| 3<cnii5.iiL?zi 

i=i ^ 1=1 

<c||ui||xi 23 I|w 2 ||xi 


LI 


_ 23 II “'3IIX, „ 

9 ’ dS i 

^ 2’48 


which finally proves that 


/ '^Mo{Ti,...,i3)Y[fj{Tj,ij) 

^ • 1 
* j=t 


<cT^||ui||xi 1 ||u 2 |Ui i||m3|Ix7 


qLl 


Estimate for Mi, M 2 , M 3 and N: We show that the estimates from the proof of Theorem 
14. H are strong enough to treat these terms, too. Indeed, an application of ll36> implies 


E ^1 (n, t- 2 , r3, Cl, 6,6) n ) 


1=1 


/|Ll 


< C 


(t + C^)8 f E^l('^l’^2,T3,Cl,C2,C3)n/l('^l>^j) 

^ • 1 
* J=1 


= cmi 


qLi 
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where mi is defined in (El and is bounded according to (E3. The same reasoning applies 
to M 2 , M 3 and N, where we use the bounds established in \29\ . (131> and (133> . □ 

The next Lemma contains an auxiliary estimate, which will be used for polynomial 
terms in the nonlinearity. This suffices for our purposes, but it is far from optimal, see E|. 

Lemma 4.3. For h > 0 there exists c,e>0, such that for T S (0, 1] and Uj £ Sper with 
supp(uj) C {{t, x) I |f| < T}, j = 1,..., 5, we have 

5 5 


in^ 

j=i 


3 


< cT^\ui\\x- !|m2|Ix 7 , n 1 


i=3 


and 


ln^ 

i=i 


< cT^WmWx- , ||w2||xi 1 IImsIIxi 1 


(37) 


(38) 


Proof. As in the previous proofs it suffices to consider Tuj > 0. For ^ = X) Cfe we have 

fc=i 

i ® i 

(0 ^ < c X (?fe) ^ which implies 

fe=i 


|n^ 


1 3 

^’~8' 


- r n ' 


fc=l 


i=i 

3^^ 




Each of the five terms can be estimated, using the dual Strichartz estimate Cl as follows 




i=i 


< C 


J^^Uk 

i=i 

< cp^ukh^^Li n 


4 4 

LjLl 




j=i 


< cT^IImiII^- ||m2|Ix7 , n 1 

2 ’ 2 2 ’ 2 J —3 

where in the last step we used the Sobolev embedding in space and time. The second claim 
follows in the same way, using the norm instead of the norm on the factors 

without derivatives. □ 

We put these estimates in a slightly more general form. 

Corollary 4.1. Let s > ^ and (5 > 0. There exists c, e > 0, such that for T G (0,1] and 
Uj G Sper with supp(uj) C {{t, x) \ |f| < T}, j = 1,..., 5, we have 

3 3 

||wiW29xU3||y-, _^nx _1 <cT^'^\\uk\\x_^ i 


(39) 


UiU 2 Uj 
3=3 


k^l 

5 


3 = 1 


^3-3 


n 


Uj Xi 


3 = 1 


“’-F”” k=l 

|/r(wi) - ^(ii 2 )| U3U4U5 

X-i-. 

5 5 

<cT‘^\\ui - M2||zo(I|mi||zo + \\u2\\zo) ||Mfe||x^_i ff l|Mj||xi 1 


(40) 


k—3 


i=3 


(41) 
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and 


(V'(wi) - i’{u2))u3 


Xs 


<cT^(l + lluillxi 1 nZo + I|u2||xi inZo) \\ui-U2\\xi inZoll'^allx , 

S''? “’■J 


(42) 


Proof. We observe that ||u||x^6 = ||m| 


X“ 


and 


{O'" <c^{^kY , for^ = ands > 0 


/C=l fe = l 

^2/ 


Furthermore, by the embedding ^ C(IR., L^(T)) 

\^l{ul) - /r(u 2 )| < c||mi - U2\\zo{\\ui\\zo + \\u2\\zo) 

and by ® 

H{u)-Y{ v)\\l^ <cT^{l+\\ui\\xi inZo + \\u2\\xi inZo)^ll^i “'“zIUi inZo 

Using this, the corollary follows from (|23, d^ . (ITtI and d^ . □ 


5. The gauge equivalent Cauchy problem 


Theorem 5.1. Let s > ^. There exists a non-increasing function T : (0, oo) —> (0, cx)), 
such that for vq € H^{T) and T = T(||r;o||^i there exists a solution 

v&zY cC([-r,T],iJ*(T)) 

of the Cauchy problem 

dtv — id^v = —v^dxV + ^\v\^v — ip{v)\v\'^v + iipivjv in (—T,T) x T 
t;(0) = tio 

where p{v) = ^||v( 0 )||| 2 (t) and 

1 1 
= J 2lm{v^v)lf,0) --\v\‘^(t,e)d9 

This solution is unique in Z'f. Moreover, for any r > 0 there exists T = T{r), such that 

2 

with 

i?. = {t;oGiT*(T) I <r} 

the flow map 

F : iT"(T) D ^ C([-r,r],iT"(T)) 
is Lipschitz continuous. 

Remark 3. We remark that Theorem l5.1l extends to nonlinear terms of the type lYdxU by 
Griinrock’s result m. On the other hand, Christ 0 proved a strong ill-posedness result 
for the nonlinearities u^dxU, for every fc G N. 

As in the case of the real line, we show that below s = i it is not possible to prove 
similar estimates on the tri-linear term which contains the derivate. 


Theorem 5.2. Let s < ^ and T > 0. There does not exist a normed space Zt ^ 
C{[-T, r],B'’(T)), such that 


and 


\\W{YuqWzt < c||uo||_fr«(T) 

W{t — t') (u'^dxu) (t') dt' < c||rt| 


Z'j' 


Zt 


hold. 
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The proof of local well-posedness of the gauge equivalent problem will be a straightfor¬ 
ward application of the contraction mapping principle, cp. ( 2 |EI- We define for v G Sper 

N{v) = —v'^dxV -\- ^\v\'^v — i^{v)\v'\^v -f itp{v)v 

where ^(u)(f) = ^\\v{t)\\l^ and 

1 1 1 

i’{v){t) = - 21,n{v,v){t,9) - -\v\%e)de + —\\v{t)\\l, 

and Nt{v) = N{xtv) as well as 

^Tiv){t) = xit) [ W{t-t')NT(v){t')dt' (44) 

Jo 

We recall the definition of the space 


Zb = ^s,0 

see (H, (Co} and O- By Corollary 14. II the embedding (I16> and the linear estimate J20li . 
we may extend uniquely to 

'■ Zb ^ Zb 


for all s > ^. We also have 
since it only depends on w| . 





T 

s 


Local Existence. Our aim is to find a solution v G Zb of 

V = xW{-)vo -I- ^t{v) 

For vq G 7T®(T) we use again the estimates from Corollary 14. H and lll6t . ( I19> and J20li as 
well as Lemma lT^ to show that there exists c, e > 0, such that 

\\xW{-)vo + <^t{v)\\z, < c||uo||h« +cT^1 + ||u||zj^|k|||, 

and 


II^T(t^l) - ‘^t{v2)\\z, < cT%l + lluillz, + \\v2\\zy^(\\vi\\z, + ||t'2||zj|kl “ V2\\z, 
Then, for all vq G 11“ with ||t;o||Tr* < r and R = 2cr and T > 0 so small that T < 
(4c^r(l -I- 4cr)^)“e we see that 

V ^ xfF(-)i'o + 4 >t(u) 

maps the closed ball Bn C Zb to itself and is a strict contraction. This shows the existence 
of a solution v G Bn C Zb- By restriction to the interval [—T,T] we found a solution 
vGZj cCi[-T,T],H“{T)) of 

v{t) = Wit)vo + ^T{v)it) , t G [-T, T] (45) 

□ 


Uniqueness. Assume that vi,V 2 G Z’l are two solutions of (|13, such that 

2 

T' := sup{f G [0,T] I vi{t) = U 2 (f)} < T 

and we define Wj (t) = vj (T' + t), j = 1,2 for extensions Vj of Vj. By approximation we 
see 

Wi{t) — W2{t) = ^T{wi){t) — ^T{w2){t) — T' < t < T — T' 

Choosing 5 > 0 small enough, we arrive at 

||X5(wi - W 2 )\\zi < C(5®(1 + \\wi\\zi + \\w 2 \\zi)‘^\\xsiwi - W 2 )\\zi 
2 2 2 2 

which forces wi{t) = W 2 {t) for |f| < 5 and therefore contradicts the definition of T'. The 

same argument applies in the interval [—T, 0]. □ 


18 


S. HERR 


Local Lipschitz continuity of the flow. Leti;o,wo G i?®(T) with llt’ollffs, H'tyoll-ff'’ f- 
Let v,w £ Z'^ be two solutions of i3 with u(0) = vq and ?ii(0) = wg with extensions 
V, w constructed in part 1 of the proof. Then, HuUzs, < 2cr and 

\\v - w\\z^ < c||uo - woWh^ + cT'^Ac^r{l + 4cr)^||u - rt;||z^ 
and the choice of T from part 1 guarantees 

11 ^ - w\\z, < 2c\\vo - wo\\h¬ 


and by restriction 


||f — w\\c{[-T,T].H^) < 2c||wo — Wollff'' 


□ 


Time of existence. Finally, the standard iteration argument, using the estimates from Corol¬ 
lary EH shows that the maximal time of existence T > 0 depends only on ||uo || i. □ 

Finally, we remark that the counterexamples from HU also show the optimality of our 
tri-linear estimate; 


Proof of Theorem \5.2\ We follow the general idea from 03 Let n £ N and := 
Then, Hug^^Hijs = c and 


W[-t') df = -itn 


-3Sn^^nx 


which shows that 

rt 


W{t - f) ((lL(f')4"V9.VF(f0w^”’) dt' 


> c\t\n^ 




If the linear and tri-linear estimates in a space Zt ^ C{[—T, T], iT®(T)) were true, there 
would exist c > 0 such that < c for all n. £ N, which is a contradiction for 


s < 


2 ■ 


□ 


6. Proof of Theorem II.II and Corollary I1.1I 

In this section, we will use the solutions of J43t constructed in the previous section to 
prove Theorem ll.ll similar to II18II1 II . 


Existence. We fix s > ^ and let uq £ iF®(T) with p, := ^||uo|||2- Then, we define 
vq ■— G(uo) S iT®(T), see Lemma ITTI According to Theorem l5.ll there exists a unique 
solutions £ Zj C C'([-T,T],H"(T)) of §5}. Now, we claim that u := Q ^(f) £ 
C C'([-T,T],iT«(T)) solves 

u{t) = W{t)uo+ f W{t — t')dx{\u\^u){t') dt', t G {—T,T) (46) 

For smooth functions this follows from Lemma 1231 Let Ug"^ £ C°° with Ug"^ ^ ug in 
and ||rtQ "'^||^2 = ||Mg||^ 2 . Moreover, let £ Zj be the solution of with initial 
data(/(ui,”^) and := Then, 


sup 

tei-T,T) 


Wf - t')d,i\u\^u - df 


ff-i 


<c(||t 


,in)\\2 




0l|M-u(")|Lii2 


Because Q is continuous in iF®, vg and due to the continuity of the flow map 

of (145 > we have —> u in C{[—T,T],H^). Since also is continuous, the above 

term tends to zero. This shows that u solves E3 because obviously also the linear part 
converges in iT®(T). □ 
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Uniqueness. Let Ui^U 2 G be two solutions of (Hi with ui(0) = ^ 2 ( 0 ), such that 
G{uj) € solve (I45> with the same initial datum. By the uniqueness of the solutions to 

_ 2 

J4.5> we have Q{ui) = Q{u 2 ) and therefore ui = U 2 . 

We now prove that the hypothesis that Q{uj) solve J4.5t is fulfilled if uj are limits 
of smooth solutions in Xf, say S C{[—T,T],H^{T)) n T, T], i/^(T)) such 

that \\G{u^P^) — Giuj)\\zT —> 0. Bv Lemma 12.21 G Zj solve (l4^ . Moreover, 

G{u^r\o)) G(uj(0)) € . There exists a unique solution v G Zl’ to J45t with 

2 

t'(O) = Giuj{0)) and due to the continuity of the flow F it follows G{u^^'^) v, which 
implies that G{uj) = u is a solution to J45t . □ 

Continuity of the flow. Since the flow map to gi F : H%T) C{[-T,T],H‘^{T)) 
results from conjugating the flow map to ^ F : H%T) ^ C{[-T,T],HflT)) with the 
gauge transformation G, i-e. F = G~^ o F o G, its continuity properties follow from the 
local Lipschitz continuity of F and Lemma ITTI □ 

Global existence. It suffices to prove an a priori bound for smooth solutions. By Lemma 
IB. 21 and the Sobolev embedding we have 

3 1 

\\9xu{t)\\l2(j) + -Im. \u\‘^ud^u{t)dx+ < c(l + ||wo||i?i(T))® (47) 
Now, we use the Gagliardo-Nirenberg inequality 

||M(f)|li6(T) < llwWIli^m (48) 

see AppendixO and estimate 

\u\'^ud^u{t) dx > -^||M(f)||i 2 [|l 2 + ||a^u(f)||i 2 

Then, using this in J47> we have for ||w(f)||i 2 < 6 

(1 - ls^mu{t)\\l 2 - < c(i + WuoWmm f 

which shows for S < that there exists c((5) > 0 such that 

||a.«(f)||i2<c(5)(l + hoIlrri(T)r 

This estimate, together with the conservation law from Lemma IB. II shows that for 
ll'tfolli^ < 6 there exists C{S) >0 such that 


□ 


Remark 4. The proof shows that it suffices to choose S < y 3 ^- By following the idea 
of Hayashi and Ozawa m, using the gauge transform together with sharp versions of the 
Gagliardo-Nirenberg inequality we expect that this can be improved, but our aim here is to 
give a short proof of the qualitative result. 
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Appendix A. Proof of estimate ® 

We prove that for all s > 0 there exists c > 0, such that for f,g,hG we have 


(e 


±il(/) _ g±iX((,) 


))h 


< ce^\\f\\%^+c\\gfH. 






\H-)\\f - gWH-imn- 


To simplify the notation we only consider the plus sign since the same argument works 
with the minus sign. Moreover, it suffices to consider smooth /, g, h and we start with the 
case s > 0. We will exploit the Sobolev multiplication law 


I i + £ , Otherwise 

We write 

oo ^ k — 1 

(e*x(/) _ ^ ^ ^(*I(/))^(zX(g))'=-i-^- (49) 

k—1 ' j—0 

Let s' = max{5, ^ + e} for some 0 < £ < ^ to be chosen later. Then, the norm of the 
expression (|49j is bounded by 

OO -| k — 1 

||h||^.||Z(/)-X(5)|l^.-^-^(c||X(/)||^.0^'(c|™i|^.0'=-'-^' 

k^l 

Now, we observe that 

oo 1 k — 1 


k\ 

k=l j=0 


Moreover, 




\H^ 


Ih 


In the case where s > ^ + e it follows 




with p = 


'H^2- 


< c 


A c||/|||z<i and otherwise, 

2|| / „ll rl|2 ^ „|| rll2 


LP ^ 


< C 


\L^P ^ 


< C 




by Sobolev embeddings. Now, choosing e < 2s we have 


mm 


Hs' ^ 


< C 


Iff'* 


Similarly, we get 

m/) - ^(<?)llff.' < cdl/llff. + ||<7||ffOII/ - <?llff^ 
and the claim follows for s > 0. Finally, for s = 0 


,il(/) _ il{g) 


)h 


< 


L2 


giX(/) _ giX(g) 


\L^ 


<\\I{f)-I{g)\\^^ \\hh. 
<2{\\fh2 + \\g\U.)\\f-g\\^4hh. 


Appendix B. Conservation laws 

The results in this section are well-known in the case of the real line (cp. Q, Proposition 
6.1.1, appendix of II14I . or IlSI l and formally everything transfers to the periodic setting. 
Nevertheless, we briefly repeat the main points for completeness of the paper. 

Lemma B.l. If 

u e C'([-r,T],iF2(T)) nC'^([-r,T],L2(T)) 
is a solution of (Q or (I43> . we have for t £ {—T, T) 

^||u(f)i|L2(T) = 0 
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Proof. One easily shows that 

d II 

di”" 


p 2 TZ 

(<)||^ 2 (T) = 2Re / uN{u){t)dx 
Jo 


for N{u) = dx{\u\'^u) OT N{u) = —u^dxU+^\u\*u — ifi{u)\u\'^u + itl}{u)u, respectively. 
Partial integration yields 

p27Z 

Re / udx{\u\^u) dx = 0 
Jo 


and 


p 2 TT 

Re / uvJdxudx = 0 
Jo 


Obviously, all the other terms also vanish and the conservation law follows. 

Lemma B.2. If 

u e C{[-T,TlH^{T))r\C^{[-T,T],H^{T)) 
is a solution of o with X = 1, we have for t S (—T, T) 


d 

df 


3 1 \ 

+-Iva. \u\^uux{t)dx +-\\u{t)\\%(j)\ =0 

Proof Firstly, using m we verify 
d „ 


df 




= 2Re 


p27r 

I (I'^l '^xx'^xdx 

Jo 


Secondly, we again exploit Q and carry out all the differentiations 

p27T p2'K p2TT 

L / \u\^uux dx = Im / {\u\'^u)tUx dx + Im / \u\'^uutxdx 

Jo Jo Jo 


d ^ '■2’" 

— im 
dt 

p27Z p2TT 

= 4Re / \u'[^UxUxxdx + dim. / u^u^\u\'^ dx 

Jo Jo 


Thirdly, 


and 


d 

^hllie = -6Im 


^27r ^27r 

/ \u\^uuxx dx -\-/ \u\^u{\u^u)xdx 

Jo Jo 


p27r Q p27T 

Re \ufu{\u\'^u)xdx = - (|u|®)a; dec = 0 

Jo ° ^0 

Moreover, we integrate by parts and obtain 
d 


u\\% = —12Im 


d^nHlLa 


lul'^u^ui dx 


Now, combining (15OL (EB and (152> and integrating by parts we get 
d / 3 1 

- (^||u||i. + -Im \u\^uux{t)dx + -\\u{t)\\%^^^ 

p2-K p2-K 

/ \u\^UxUxxdx-2Re I {\u\^u)xUxxdx 

Jo Jo 

p2-K p2-n 

/ \u\^UxUxx dx — 2Re / vJuxUxx dx = 0 
Jo Jo 


=6 Re 


=2 Re 


□ 


(50) 


(51) 


(52) 


□ 
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Appendix C. Proof of the estimate (l48t 


Let f,g be smooth and 27r-periodic with ^(0) = 0. Then, g{x) = Jq g'{y)dy and 
9 {x) = - g'iy) dy such that 

2||5||l“(t) < IIs'IUht) 


and by Holder’s inequality 

WfgWL^iT) < 2 II/IU''(t)II5'IIli(t) 

By a translation a; a; + ^ we see that this holds for all g with g{^) = 0 for some ^ £ 
[0, 27r]. Now, let u be smooth and 27r-periodic and set f = u and 5 = ~ ^ /q [v) dy- 

Then, 


f-2'W 


u{u^ — 


27r 


Ky)dy) 


L2(T) 


< II“IU2(T)||mm'||li(T) < l|w|li2(T)ll'“^IU='(T) 


and the estimate (Hi follows. 
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